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Hierarchical time series

Most time series collections with linear constraints can be written as

y𝑡 = Sb𝑡

y𝑡: vector of all time series at time 𝑡.
S: ”summing matrix” containing the linear constraints.
b𝑡: vector of most disaggregated series at time 𝑡.
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An example hierarchy
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Linear forecast reconciliation

ỹℎ = SGŷℎ

ỹℎ: vector of ”coherent forecasts”.
G: matrix mapping the base forecasts into bottom-level forecasts.
ŷℎ: vector of initial ℎ-step-ahead ”base forecasts” made at time 𝑡.
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Linear forecast reconciliation

ỹℎ = SGŷℎ

ỹℎ: vector of ”coherent forecasts”.
G: matrix mapping the base forecasts into bottom-level forecasts.
ŷℎ: vector of initial ℎ-step-ahead ”base forecasts” made at time 𝑡.

E [‖y𝑇 +ℎ − ỹℎ‖2
2 ∣ I𝑇 ]

= ‖SG (E [ŷℎ ∣ I𝑇 ] − E [y𝑇 +ℎ ∣ I𝑇 ]) + (S − SGS)E [b𝑇 +ℎ ∣ I𝑇 ]‖2
2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

bias

+ Tr (Var [y𝑇 +ℎ − ỹℎ ∣ I𝑇 ])⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
variance
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Minimum trace reconciliation (MinT)
G = (S′W−1

ℎ S)−1 S′W−1
ℎ



The example hierarchy (observations & forecasts)
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The example hierarchy (residuals & forecast errors)
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How to achieve selection?

The purpose
ỹℎ = SGŷℎ

Eliminate the negative effect of some series on forecast reconciliation.

About G: Zero out some columns of G.

About S: Do not zero out the corresponding rows of S.
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ỹℎ = SGŷℎ
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Method I: Regularized best-subset selection

Group best-subset selection with ridge regularization

min
G

1
2 (ŷ − SGŷ)′ W−1 (ŷ − SGŷ) +𝜆0

𝑛
∑
𝑗=1

1 (G⋅𝑗 ≠ 0) + 𝜆2 ‖vec (G)‖2
2

s.t. GS = I𝑛𝑏

1(⋅): the indicator function.
𝜆0 > 0: controls the number of nonzero columns of G selected.

𝜆2 ≥ 0: controls the strength of the ridge regularization.
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Method I: Regularized best-subset selection

SGŷ = vec (SGŷ) = (ŷ′ ⊗ S) vec(G).
Big-M based MIP formulation (MIQP)

min
G,z,ě,g+

1
2 ě′W−1ě + 𝜆0

𝑛
∑
𝑗=1

𝑧𝑗 + 𝜆2g+′g+

s.t. GS = I𝑛𝑏
⇔ (S′ ⊗ I𝑛𝑏

) vec(G) = vec (I𝑛𝑏
) ⋯ (𝐶1)

ŷ − (ŷ′ ⊗ S) vec(G) = ě ⋯ (𝐶2)
𝑛𝑏

∑
𝑖=1

𝑔+
𝑖+(𝑗−1)𝑛𝑏

⩽ ℳ𝑧𝑗, 𝑗 ∈ [𝑛] ⋯ (𝐶3)

g+ ⩾ vec(G) ⋯ (𝐶4)
g+ ⩾ − vec(G) ⋯ (𝐶5)
𝑧𝑗 ∈ {0, 1}, 𝑗 ∈ [𝑛] ⋯ (𝐶6)
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Method II: Intuitive method

The MinT solution: G = (S′W−1
ℎ S)−1 S′W−1

ℎ .

Based on MinT solution, we assume Ḡ = (S′A′W−1AS)−1S′A′W−1.

S̄ = AS.
A = diag(z) is a diagonal matrix with 𝑧𝑗 ∈ {0, 1} for 𝑗 ∈ [𝑛].
Estimate the whole G ⟹ estimate A.
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Based on MinT solution, we assume Ḡ = (S′A′W−1AS)−1S′A′W−1.

S̄ = AS.
A = diag(z) is a diagonal matrix with 𝑧𝑗 ∈ {0, 1} for 𝑗 ∈ [𝑛].
Estimate the whole G ⟹ estimate A.

Intuitive method with 𝐿0 regularization

min
A

1
2 (ŷ − SḠŷ)′ W−1 (ŷ − SḠŷ) + 𝜆0

𝑛
∑
𝑗=1

A𝑗𝑗

s.t. Ḡ = (S′A′W−1AS)−1S′A′W−1

ḠS = I
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Method II: Intuitive method
Toy example
S <- rbind(c(1,1,1,1), c(1,1,0,0), c(0,0,1,1), diag(1,4))
W_inv <- diag(c(4,2,2,rep(1,4))) |> solve()
G <- solve(t(S) %*% W_inv %*% S) %*% (t(S) %*% W_inv) |> round(2)

A <- diag(c(1,0,rep(1, 5)))
G_bar <- solve(t(A %*% S) %*% W_inv %*% A %*% S) %*% (t(A %*% S) %*% W_inv) |> round(2)
list(G = G, G_bar = G_bar)

$G
[,1] [,2] [,3] [,4] [,5] [,6] [,7]

[1,] 0.08 0.21 -0.04 0.71 -0.29 -0.04 -0.04
[2,] 0.08 0.21 -0.04 -0.29 0.71 -0.04 -0.04
[3,] 0.08 -0.04 0.21 -0.04 -0.04 0.71 -0.29
[4,] 0.08 -0.04 0.21 -0.04 -0.04 -0.29 0.71

$G_bar
[,1] [,2] [,3] [,4] [,5] [,6] [,7]

[1,] 0.14 0 -0.07 0.86 -0.14 -0.07 -0.07
[2,] 0.14 0 -0.07 -0.14 0.86 -0.07 -0.07
[3,] 0.07 0 0.21 -0.07 -0.07 0.71 -0.29
[4,] 0.07 0 0.21 -0.07 -0.07 -0.29 0.71
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MIP formulation (MIQP)
min

A,Ḡ,C,ě,z

1
2 ě

′W−1ě+ 𝜆0
𝑛

∑
𝑗=1

𝑧𝑗

s.t. ḠS = I
̂y− ( ̂y′ ⊗ S) vec(Ḡ) = ě

ḠAS = I
Ḡ = CS′A′W−1

𝑧𝑗 ∈ {0, 1}, 𝑗 ∈ [𝑛]



Method III: Group lasso method

Group lasso with the unbiasedness constraint

min
G

1
2 (ŷ − SGŷ)′ W−1 (ŷ − SGŷ) +𝜆

𝑛
∑
𝑗=1

𝑤𝑗 ∥G⋅𝑗∥2

s.t. GS = I𝑛𝑏

𝜆 ≥ 0: tuning parameter.
𝑤𝑗 ≠ 0: penalty weight in order to make model more flexible.
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Method III: Group lasso method

Second order cone programming formulation (SOCP)

min
G,ě,g+

1
2 ̌e′W−1

ℎ ̌e + 𝜆
𝑛

∑
𝑗=1

𝑤𝑗𝑐𝑗

s.t. (S′ ⊗ I𝑛𝑏
) vec(G) = vec (I𝑛𝑏

)
ŷ − (ŷ′ ⊗ S) vec(G) = ̌e

𝑐𝑗 =
√√√
⎷

𝑛𝑏

∑
𝑖=1

𝑔+2
𝑖+(𝑗−1)𝑛𝑏

, 𝑗 ∈ [𝑛]
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Proposition 1

14

Proposition 1
If the assumption that forecast reconciliation preserves
unbiasedness is imposed by enforcing GS = I, then the number of
nonzero column entries of Ĝ will be no less than 𝑛𝑏.
The constraint GS = I enforces that the selected columns of Ĝ will
correspond to variables that can ”restore” the hierarchy.
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Method IV: Empirical group lasso method

Empirical group lasso

min
G

1
2𝑇 ∥Y − ŶG′S′∥2

𝐹
+𝜆

𝑛
∑
𝑗=1

𝑤𝑗 ∥G⋅𝑗∥2

Y ∈ ℝ𝑇 ×𝑛: a matrix comprising observations on the training set.
Ŷ ∈ ℝ𝑇 ×𝑛: a matrix of in-sample one-step-ahead forecasts.
𝜆 ≥ 0: a tuning parameter.
𝑤𝑗 ≠ 0: penalty weight assigned in G⋅𝑗.

Standard group lasso problem

min
vec(G)

1
2𝑇 ∥vec(Y) − (S ⊗ Ŷ) vec (G′)∥2

2
+ 𝜆

𝑛
∑
𝑗=1

𝑤𝑗 ∥G⋅𝑗∥2
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Simulation setup

Data generation
Bottom-level series:

b𝑡 = 𝜇𝑡 + 𝛾𝑡 + 𝜂𝑡

where
𝜇𝑡 = 𝜇𝑡−1 + 𝑣𝑡 + 𝜚𝑡, 𝜚𝑡 ∼ 𝑁 (0, 𝜎2

𝜚𝐼4) ,
𝑣𝑡 = 𝑣𝑡−1 + 𝜁𝑡, 𝜁𝑡 ∼ 𝒩 (0, 𝜎2

𝜁𝐼4) ,

𝛾𝑡 = −
𝑠−1
∑
𝑖=1

𝛾𝑡−𝑖 + 𝜔𝑡, 𝜔𝑡 ∼ 𝒩 (0, 𝜎2
𝜔𝐼4) ,

and 𝜚𝑡, 𝜁𝑡, and 𝜔𝑡 are errors independent of each other and over time.
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Results for the simple example (residuals & forecast errors)
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Results

18

Proportion of time series being selected (AA is deteriorated).

Table 3: Proportion of time series being selected after using the proposed reconciliation methods with
selection in Scenario A, Setup 1.

Top A B AA AB BA BB Summary
OLS-subset 0.52 0.79 0.57 0.79 1 0.91 0.85
OLS-intuitive 0.80 0.90 0.81 0.80 1 0.85 0.86
OLS-lasso 0.90 1.00 0.68 1.00 1 1.00 1.00
WLSs-subset 0.85 0.91 0.86 0.90 1 0.97 0.97
WLSs-intuitive 0.92 0.95 0.67 0.92 1 0.92 0.95
WLSs-lasso 0.72 1.00 0.72 1.00 1 1.00 1.00
WLSv-subset 0.50 0.62 0.42 0.19 1 0.81 0.87
WLSv-intuitive 0.59 0.55 0.49 0.17 1 0.76 0.86
WLSv-lasso 0.40 1.00 0.41 0.77 1 1.00 1.00
MinT-subset 0.66 0.90 0.61 0.72 1 0.91 0.93
MinT-intuitive 1.00 1.00 1.00 1.00 1 1.00 1.00
MinT-lasso 0.80 0.96 0.84 0.72 1 0.98 0.97
MinTs-subset 0.57 0.88 0.52 0.67 1 0.89 0.92
MinTs-intuitive 1.00 1.00 1.00 1.00 1 1.00 1.00
MinTs-lasso 0.68 1.00 0.66 0.74 1 1.00 1.00
Elasso 0.82 0.63 0.69 1.00 1 1.00 1.00

Note: the last column displays a stacked barplot for each method,
based on the total number of selected series data from 500 simula-
tion instances, with a darker sub-bar indicating a larger number.

AA via operations such as A−AB, Total−B−AB, or Total−AB−BA−BB. The results in Table 3 align with

our expectations, showing frequent exclusion of series AA and consistent selection of AB.

4.2 Setup 2: Exploring the effect of correlation

We now simulate a hierarchical structure with correlated series, using a similar simulation to Wickramasuriya

(2021), and the same hierarchical structure as shown in Figure 1. We use a stationary VAR(1) data generating

process for the time series at the bottom level:

bt = c+
[

A1 0
0 A2

]
bt−1 +εt ,

where c is a constant vector with all entries set to 1, A1 and A2 are 2 × 2 matrices with eigenvalues

z1,2 = 0.6[cos(π/3)± isin(π/3)] and z3,4 = 0.9[cos(π/6)± isin(π/6)], respectively, εt ∼ N (0,Σ), where

Σ =
[ Σ1 0

0 Σ2

]
, and Σ1 = Σ2 =

[
2

√
6ρ√

6ρ 3

]
,

and ρ ∈ {0,±0.2,±0.4,±0.6,±0.8} controls the error correlation in the simulated hierarchy.

For each time series at the bottom level, we generate a total of 101 observations, with the last observation

serving as the test set, i.e., T = 100 and h = 1. Once again, the data at the higher levels are obtained by

aggregating the bottom-level series. The process is repeated 500 times for each candidate correlation, ρ .

For each series, base forecasts are generated from ARMA models. We identify the best ARMA model

18
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Total - B - AB
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Results
Out-of-sample forecast results (RMSE) for the simulated data (AA is deteriorated).Table 2: Out-of-sample forecast results for the simulated data in Scenario A, Setup 1.

Top Middle Bottom Average
Method h=1 1–4 1–8 1–16 h=1 1–4 1–8 1–16 h=1 1–4 1–8 1–16 h=1 1–4 1–8 1–16
Base 9.6 10.7 12.6 15.6 6.3 7.3 8.6 10.8 6.4 7.5 8.3 9.8 6.8 7.9 9.0 10.9
BU 57.8 68.5 53.7 38.9 58.2 61.8 48.1 34.4 0.0 0.0 0.0 0.0 27.0 29.6 23.8 17.7
OLS 0.6 2.2 1.8 1.4 7.1 6.4 4.6 3.1 –7.6 –8.6 –8.2 –7.3 –2.1 –2.5 –2.7 –2.6
OLS-subset 0.6 1.8 1.5 1.3 7.2 5.2 3.8 2.6 –8.3 –12.9 –11.6 –9.9 –2.4 –5.2 –4.8 –4.1
OLS-intuitive 0.8 2.6 2.1 1.8 7.5 6.1 4.4 3.0 –9.0 –12.8 –11.6 –9.9 –2.7 –4.8 –4.5 –3.8
OLS-lasso 0.6 2.2 1.8 1.6 7.4 6.7 4.8 3.2 –7.6 –8.5 –8.1 –7.2 –2.0 –2.4 –2.6 –2.5
WLSs 7.3 10.6 8.1 5.9 15.6 16.0 11.8 8.0 –6.9 –7.8 –7.4 –6.4 1.9 2.0 1.0 0.2
WLSs-subset 5.0 5.7 4.6 3.6 12.3 10.0 7.5 5.2 –7.6 –10.5 –9.6 –8.2 0.2 –2.0 –2.1 –2.0
WLSs-intuitive 7.1 9.2 7.1 5.2 16.5 15.5 11.5 7.9 –6.8 –9.2 –8.4 –7.3 2.1 0.9 0.1 –0.4
WLSs-lasso 7.3 10.3 8.0 5.9 15.7 16.1 11.8 8.1 –7.0 –7.8 –7.3 –6.4 1.9 2.0 1.0 0.2
WLSv 1.0 2.9 2.3 1.9 4.5 4.3 3.2 2.1 –25.8 –26.4 –22.7 –18.3 –12.4 –12.6 –10.7 –8.4
WLSv-subset –1.0 0.3 0.4 0.5 0.6 0.6 0.5 0.3 –32.3 –32.2 –27.3 –21.7 –17.3 –17.3 –14.2 –10.9
WLSv-intuitive –0.5 0.2 0.3 0.5 0.9 0.7 0.5 0.3 –32.3 –32.3 –27.4 –21.7 –17.1 –17.3 –14.2 –10.9
WLSv-lasso 0.4 1.5 1.5 1.4 3.0 2.5 2.0 1.3 –28.5 –29.2 –24.9 –19.9 –14.4 –14.9 –12.3 –9.5
MinT –0.4 0.7 0.9 0.6 0.7 0.7 0.6 0.3 –32.9 –33.4 –28.3 –22.5 –17.5 –17.8 –14.6 –11.3
MinT-subset –0.6 0.7 0.8 0.7 0.6 0.8 0.6 0.3 –33.0 –33.1 –28.0 –22.3 –17.6 –17.6 –14.5 –11.2
MinT-intuitive –0.4 0.7 0.9 0.6 0.7 0.7 0.6 0.3 –32.9 –33.4 –28.3 –22.5 –17.5 –17.8 –14.6 –11.3
MinT-lasso –0.7 0.3 0.6 0.4 0.3 0.4 0.4 0.1 –33.2 –33.7 –28.5 –22.6 –17.8 –18.1 –14.8 –11.4
MinTs –0.9 0.6 0.7 0.5 0.6 0.6 0.5 0.2 –32.9 –33.5 –28.3 –22.5 –17.6 –17.9 –14.6 –11.3
MinTs-subset –0.7 0.9 1.1 1.0 0.7 0.8 0.7 0.4 –33.0 –33.1 –27.9 –22.2 –17.6 –17.5 –14.3 –11.0
MinTs-intuitive –0.9 0.6 0.7 0.5 0.6 0.6 0.5 0.2 –32.9 –33.5 –28.3 –22.5 –17.6 –17.9 –14.6 –11.3
MinTs-lasso –0.9 0.4 0.6 0.5 0.6 0.4 0.4 0.1 –33.2 –33.6 –28.4 –22.6 –17.7 –18.0 –14.8 –11.4
EMinT 2.2 2.9 2.5 1.7 2.5 2.9 2.3 1.3 –31.9 –32.3 –27.5 –22.0 –15.9 –16.2 –13.4 –10.5
Elasso 1.5 2.8 2.4 1.7 2.1 2.8 2.3 1.3 –32.1 –32.2 –27.4 –21.9 –16.3 –16.2 –13.3 –10.5

Note: The Base row shows the average RMSE of the base forecasts. Entries below this row indicate the percentage
decrease (negative) or increase (positive) in the average RMSE of the reconciled forecasts compared to the base forecasts.
The entries with the lowest values in each column are highlighted in blue. In each panel, the proposed methods are
indicated with a gray background, and methods that outperform the benchmark method are marked in bold.

forecasts compared to their respective benchmarks. The improvements are particularly pronounced when

using OLS and WLSs estimators of W in the benchmark methods, which do not take into account the

in-sample covariance of base forecast errors. One advantage of using our proposed forecast reconciliation

methods with selection is their ability to reduce the difference introduced by using different estimates of W ,

thereby mitigating the risk of estimator selection. In some cases, such as Scenarios B and C, we can align

the forecast accuracy achieved using different estimators, and make them approach the best results we can

obtain. Dropping the unbiasedness assumption, Elasso performs similarly to EMinT overall while achieving

improvements at the top level, which is typically the aspect of greatest concern to practitioners.

In addition, we report the proportion of time series being selected from our proposed methods in 500

simulation instances, as shown in Table 3, Table A3, and Table A4. Clearly, our methods select fewer time

series, while enhancing forecast accuracy compared to benchmarks. Subset methods, in particular, tend to

return fewer time series compared to the Intuitive and Lasso methods, which aligns with our expectations

that the Intuitive and Lasso methods tend to produce dense estimates. Most importantly, depending on the

scenario considered, the time series with model misspecification has been selected less often than others. For

example, in Scenario A, series AA is expected to be removed while retaining AB. This allows obtaining series
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Summary

Key takeaways
Exclude poorly performing base forecasts when performing reconciliation.
Reduce disparities from using different estimates of W.
Demonstrate effectiveness in addressing model misspecification issues.
Perform better or comparably than benchmarks when no model
misspecification is apparent.

Limitations
Addressing 𝐿0-regularized regression problems with additional constraints
remains challenging.
Introducing a bias correction when the unbiasedness preserving property is
dropped.
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More information
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Paper and code:
xqnwang.rbind.io/publication/hfs
Slides:
xqnwang.rbind.io/talk/isf2024

Find me at ...
xqnwang.rbind.io
Xia0qianWang
@xqnwang
xiaoqian.wang@monash.edu

https://xqnwang.rbind.io/publication/hfs
https://xqnwang.rbind.io/talk/isf2024
https://xqnwang.rbind.io/
https://twitter.com/Xia0qianWang
https://github.com/xqnwang
mailto:xiaoqian.wang@monash.edu
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